In two-dimensional Dirac semimetals, massless Dirac fermions can form a series of Efimov-like quasibound states in an attractive Coulomb potential. In an applied magnetic field, these quasibound states can become bound states around the Dirac point, due to the energy gap between two successive Landau levels. Through the calculation of the energy spectrum directly, we show that there exists a crossover from the Landau level to the bound state as the magnetic field increases. Because of the decreasing magnetic length, the deep quasibound states are pushed up to the Dirac point relatively and transformed into bound states gradually. Furthermore, the magnetic positions of the emerging bound states in the crossovers obey a geometric scaling law, which can be regarded as an analogy of the radial law in the Efimov effect. We extend our analysis to massless three-component fermions, which also demonstrate this phenomenon. Our results show the universality of fermions with linear dispersion in two dimension and pave a way for the future experimental exploration.
I. INTRODUCTION
Two-dimensional (2D) Dirac semimetal is a good platform to study new physical phenomena [1] [2] [3] . One famous example is the observation of quantum hall effect in graphene [4] . Due to the generally large "fine structure constant" (for example, α ≈ 2 in graphene, compared with α = 1/137 in an atomic nucleus), it is also much easier to study the physics of atomic collapse in a strong Colomb potential, which is a fundamental quantum relativistic phenomenon [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Because it is gapless, no bound state can exist in an attractive Colomb potential. However, a sequence of quasibound states can form when the Coulomb potential exceeds a critical value [8, 10, [16] [17] [18] [19] [20] . These quasibound states follow a geometric scaling law with a universal scaling factor, i.e., exhibiting a discrete scaling symmetry, similar to the Efimov effect [21, 22] . In this sense, we call them Efimov-like quasibound states in this paper.
When a magnetic field is applied, new phenomena occur due to the interplay between Landau levels and Efimov-like quasibound states [15, 16, 23] . A new length scale, i.e., magnetic length l B = /(eB), is implemented into the system and it breaks quasibound states' original discrete scaling symmetry. However, in the space-magnetic length domain, the discrete scaling symmetry recovers when we transform r → ηr and l B → ηl B (η is a constant) simultaneously [23] . Owing to the gap between two neighbor Landau levels, the quasibound state can become a bound state if the gap is bigger than the width of the quasibound state. Since the gap between Landau levels turns smaller as it is away from the Dirac point, a general scenario should be that bound states form around the Dirac point while quasibound states remain at fairly below, as displayed in Fig. 1 . When the magnetic field increases, more and more deep quasibound * msun@connect.ust.hk states are pushed up relatively to Landau levels and become bound states. A remaining question is that how these bound states interact with Landau levels and modify the energy spectrum.
In this paper, we investigate this problem by calculating the energy spectrum directly. We find that a crossover from a Landau level to a bound state occurs when the Landau level meets the bound state, driven by the varying magnetic field. The magnetic positions for different crossovers obey a geometric scaling law, which is similar to the radial law of the Efimov effect. Therefore, we call them Efimov-like bound states as we do for the quasibound state. We want to emphasize that these bound states only exhibit a discrete scaling symmetry in the radial direction of the space-magnetic length domain. This analysis is applied to massless three-component fermions, where the same physical scenario occurs. Our results indicate that this is a universal phenomenon in 2D fermions with linear dispersion.
II. CROSSOVER IN TWO-DIMENSIONAL DIRAC SEMIMETALS
In 2D, the massless Dirac equation for electrons in a Coulomb potential and a magnetic field can be simplified as
where, v F is the Fermi velocity. σ are Pauli matrices and P is the momentum operator. −e is the electric charge of the electron. A and V (r) are respectively the magnetic vector potential and the Coulomb potential. We choose the symmetric gauge A = (−By/2, Bx/2, 0). V (r) = −Ze 2 /(4πε 0 r), with Ze being the electric charge of the impurity and ε 0 being the vacuum permittivity. It can be written as V (r)/( v F ) = −Zα/r with the fine structure constant α = e 2 /(4πε 0 v F ). ψ(r) is the eigenwavefunction with the eigen-value E.
In zero magnetic field, there exist a sequence of Efimov-like quasibound states with a scaling factor λ = e π/ √ (Zα) 2 −(m+1/2) 2 when Zα > |m + 1/2| (m is an integer) [8, 10, [16] [17] [18] [19] [20] . On the other hand, with no Coulomb potential, Landau levels form in magnetic field. Therefore, the combination of Coulomb potential and magnetic field leads to the interplay between quasibound states and Landau levels.
We use the Landau level's wavefunctions as the basis to solve Eq. 1 and obtain the energy spectrum as shown in Fig. 2 . Owing to the Coulomb potential, the Landau level does not satisfy E n ∝ √ n as the free Dirac fermions [1, 23] . Nevertheless, they roughly follow E n ∝ √ B, as long as the size of the short-range boundary is negligible. When the Landau level meets the bound state, with varying magnetic field, there is an anti-crossing effect between two branches. The Landau level crossovers into the bound state for the upper branch, while the bound state crossovers into the Landau level for the lower branch. The magnetic positions for different crossovers obey a geometric scaling law, due to E n ∝ √ B ∝ 1/l B and the remaining scaling symmetry in the space-magnetic length domain. It is similar to the radial law of the Efimov effect, which is in the space-scattering length domain [22] . Here, we employ the parameter Zα = 10 and for the channel m = 0, our numerical value is λ = 1.39, which is in excellent agreement with the analytic one λ = 1.37 in zero magnetic field.
Since the scaling factor λ = e π/ √ (Zα) 2 −(m+1/2) 2 , it becomes larger when we decrease Zα or increase |m|. Hence, the crossover branches become sparser, as displayed in Fig. 3 . When Zα < |m + 1/2|, they disappear as expected. The radial probability distributions of the energy branch (labeled by the colorful arrows in (a)) at various magnetic fields, which display a crossover from a Landau level to a bound state as the magnetic field increases. (c) Logarithmic plot of the magnetic positions (black dots), where the bound states start to form in the crossovers of different energy branches. A good linear fitting (black line) represent a geometric scaling law. Red dots denote the magnetic positions where the energy branches touch the Dirac point (i.e., E=0), as well as a linear fitting (red line), which have been well studied in Ref. [23] . The scaling factors for both are equal, which agrees well with the radial law in Efimov effect. 
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(Zα) 2 −(m+1/2) 2 , both decreasing Zα and increasing m can increase or even destroy it. Therefore, the crossover branches become sparser or even disappear.
III. CROSSOVER IN TWO-DIMENSIONAL THREE-COMPONENT SEMIMETALS
Three-component semimetals have been theoretically proposed and experimentally observed [24] [25] [26] [27] [28] [29] [30] [31] [32] . Here, we study 2D massless three-component fermions with an attractive Coulomb potential and a magnetic field, as a generalization of 2D Dirac fermions in Sec. II. Similar to Eq. 1, the corresponding equation can be expressed as
Here, S are the generators of the rotation group SO(3) in the spin-1 representation, which replace the Pauli matrices in Eq. 1.
In zero magnetic field, if we assume ψ(r) = (u 1 (r)e i(m−1)φ , u 2 (r)e imφ , u 3 (r)e i(m+1)φ ) T , the radial equation can be written as
where, m is an integer. It possesses a continuous scaling symmetry. When Zα > m 2 + 1/4, there exist Efimov-like quasibound states with a scaling factor λ = e π/ √ (Zα) 2 −m 2 −1/4 , similar to Dirac fermions. On the other hand, in a magnetic field with no Coulomb potential, Landau levels form with wavefunctions
for eigenvalues E n = ± n + 1/2 ω c (n > 0 and m ≥ −n.
Here, L wavefunctions as the basis to solve Eq. 2 and obtain the spectrum in magnetic field and Coulomb potential. The results are displayed in Fig. 4 . Here, we use Zα = 10, the same parameter as for Dirac fermions. So, for the channel m = 0, their scaling factors are the same. Therefore, their spectra are very similar (see Fig. 2 and Fig. 4 ). The slight difference results from the short-range boundary condition, even though they are also the same in our calculations. As expected, there are also Landau level to Efimov-like bound state crossovers. The numerical value of the scaling factor is λ = 1.38, agreeing very well with the analytic one λ = 1.37 in zero magnetic field.
The comparison between three-component fermions and Dirac fermions indicates that the key requirement for the crossover is the existence of Efimov-like quasibound states in zero magnetic field, which is ubiquitous in 2D fermions with linear dispersion. Because the combination of linear dispersion and Coulomb potential make the corresponding equation exhibit a continuous scaling symmetry.
IV. SUMMARY AND OUTLOOK
In summary, 2D Dirac fermions can form Efimov-like quasibound states in an attractive Coulomb potential. When a magnetic field is applied, due to the gap between Landau levels, these quasibound states can transform into bound states, which satisfy a geometric scaling law in the space-magnetic length domain, an analogy of the radial law in the Efimov effect. Landau level to Efimov-like bound state crossovers occur when the varying magnetic field makes them meet each other. This phenomenon can also appear in 2D massless three-component fermions and demonstrates the universality in 2D fermions with linear dispersion. Since Efimov-like quasibound states have already been observed in graphene [19] , our theoretical results can be explored experimentally in the near future.
Only one impurity was investigated in this paper. It will be interesting to consider a lattice of impurities, which interfere with each other and could lead to new phenomena. On the other hand, Hofstadter butterfly is expected in a periodic potential [33] . How Efimov-like bound (quasibound) states modify the structure of Hofstadter butterfly can be studied in the future.
